Summary. Some methods based on simple regularizing geometric element transfor- 
the vertex v ∈ V , so that x = (x v1 , . . . , x vn ) ∈ R 3×n is the tuple of all vertex 110 coordinates. Each volume element e ∈ E consists of an ordered set V e of n e 111 vertices of V and the edges between these vertices. If the edges are fixed, then 112 we will simply identify e = V e . Note that the order of vertices determines a 113 preferred orientation for e. Let x e ∈ R 3×ne be the collection of coordinates for The signed volume of a tetrahedron with vertex coordinates x = (x 1 , . . . ,
The orientation of the tetrahedron and therefore the sign of the volume func- and scaling viewed as a projection to the submanifold
Similarly, let N e ⊂ R ne be the sphere corresponding to e. 
with S F := tr(S t S) denoting the Frobenius norm of the matrix S := 174 DW −1 . Here D represents the difference matrix given by 
The volume function restricted to the submanifold of M diffeomorphic to a
187
(3n − 4)-sphere given by
is therefore an equivalent way of describing the mean ratio quality measure.
189
With the results from [17] in hand, we see, that [22] 
where we identify the column vector of (column) vector entries with the row vector of the same vector entries. The GETMe algorithm without the imposed scaling-invariance applied only to this one volume element e transforms its coordinates via
x e → x e = x e + σX e for some parameter σ > 0 independent of e. The tetrahedral GETMe smoothing introduced in [22] applied to an entire mesh then shifts x i for i = 1, . . . , n by averaging all (vector) coordinates of X e over all e containing v i . More precisely, if V = (v 1 , . . . , v n ) are the vertices of a mesh with coordinates x and e = (w 1 , . . . , w 4 ) is a tetrahedral volume element within the mesh, then let us introduce the notation
, where
and let λ i , i = 1, . . . , n be the number of volume elements containing v i . If we
then the original GETMe transformation is given by
However, in order to make it scaling-invariant, we need to modify X. We have 205 arrived at a subtle issue, where our solution in [17] and the one in [22] differ,
206
and which we will encounter again in Sect. 4.2. This can only be appreciated 207 when considering GETMe from a mathematical rather than a heuristic point 208 of view. In praxis it does not make much of a difference, how we make the algo-209 rithm scaling-invariant, but there is a preferred way within our mathematical 210 framework. In [22] each face normal in X e,j was divided by the square root of 211 its norm X e,j , which seemed to work very well for all practical purposes. In the language of our mathematical framework on the other hand, the vector 213 determines the dynamical behavior on the (3n − 4)-sphere rather than the vectors X e,j ∈ R 3 individually, which is why we would prefer not to change the direction of X. Therefore, we divide X by the square root of its norm X , which results in a scaling of X e depending on the size of the volume element e. In summary, if we define the normalization function
then we consider the transformation T σ where
as our variation of the original GETMe smoothing algorithm [22] . 
Clearly, if (x 1 , x 2 , x 3 ) are the coordinates of a triangle in R 3 , then
is the usual face normal considered in the previous section. In particular, we can write
For polygonal curves in a hyperplane of R 3 , ν is a natural generalization of the Consider Ψ :
Then the vector fields on N given by
start and end at singularities of Y , and the vector fieldỸ on N corresponds
In particular, the above theorem applies to q i defined in Sect. 4.1, where In particular the following theorem applies to q i in Sect. 4.1 and similar alge-337 braic quality measures.
338
Theorem 2. The GETMe operator given by
is a global optimization-based smoothing method for mixed-volume meshes as Proof. Fix x ∈ N , and let
Now consider the flow line γ of dπ(X) on N starting at x. The path γ(t) ∈ N 345 therefore satisfies the initial value problem 346 γ(0) = x andγ(t) = dπ(X γ(t) ) . 
Given x ∈ N , we therefore have that 348 q(T σ (x)) > q(x) for σ > 0 sufficiently small.
Generalizations

349
As we have discussed, the GETMe algorithm for volume meshes was originally
350
conceived for tetrahedral meshes [22] The most poignant feature of our systematic approach is the natural compatibility of the GETMe algorithm for different volume elements by way of the mean volume. Let us give an explicit description of a method globally optimizing this mixed mesh quality. As we have already seen in (4), the vector X e for tetrahedra e has an elegant description in terms of face normals. Not surprisingly, the same is true for hexahedra, prisms and pyramids. We compute the following vectors 
For details we refer to [17, Sects. 5 and 6]. 
Isoperimetric quotient
362
If we want to construct a quality measure, which measures how round a given 363 polyhedron is, we can try the isoperimetric quotient given by 36π times the 364 the constant normalizes the measure to be 1 for the unit sphere. Steiner [14] 366 conjectured that platonic solids maximize the isoperimetric quotient, which 367 has been confirmed for all polyhedra but the icosahedron [15, 8, 3] . Instead 368 of the isoperimetric quotient we will consider its root, which allows us to 369 naturally introduce a sign using the signed volume (1) . This generalizes to a 
